A design is said to be f -pyramidal when it has an automorphism group which fixes f points and acts sharply transitively on all the others. The problem of establishing the set of values of v for which there exists an f -pyramidal Steiner triple system of order v has been deeply investigated in the case f = 1 but it remains open for a special class of values of v. The same problem for the next possible f , which is f = 3, is here completely solved: there exists a 3-pyramidal Steiner triple system of order v if and only if v ≡ 7, 9, 15 (mod 24) or v ≡ 3, 19 (mod 48).
Introduction
A Steiner triple system of order v, briefly STS(v), is a pair (V, B) where V is a set of v points and B is a set of 3-subsets (blocks or triples) of V with the property that any two distinct points are contained in exactly one block. Apart from the trivial case v = 0 in which both V and B are empty, it is well known that a STS(v) exists if and only if v ≡ 1 or 3 (mod 6). For general background on STSs we refer to [7] .
Steiner triple systems having an automorphism with a prescribed property or an automorphism group with a prescribed action have drawn much attention since a long time. It was proved by Peltesohn [15] that a STS(v) with an automorphism cyclically permuting all points, briefly a cyclic STS(v), exists for any possible v but v = 9. The existence question for a STS(v) with an involutory automorphism fixing exactly one point, briefly a reverse STS(v), has been settled by means of three different contributions of Doyen [9] , Rosa [19] and Teirlinck [21] ; it exists if and only if v ≡ 1, 3, 9, 19 (mod 24). In [16] Phelps and Rosa proved that there exists a STS(v) with an automorphism cyclically permuting all but one point, briefly a 1-rotational STS(v), if and only if v ≡ 3 or 9 (mod 24).
Note that a cyclic or 1-rotational STS may be viewed as a STS with a cyclic automorphism group acting sharply transitively on all points or all but one point, respectively. Thus one may ask, more generally, for a STS with an automorphism group G having the same kind of action without the request that G be cyclic.
Speaking of a regular STS(v) we mean a STS(v) for which there is at least one group G acting sharply transitively on the points. Also, speaking of a 1-rotational STS(v) we mean a STS(v) with at least one automorphism group acting regularly on all but one points.
The only STS (9) , which is the point-line design associated with the affine plane over Z 3 , is clearly regular under Z 2 3 . Thus, in view of Peltesohn's result, there exists a regular STS(v) for any admissible v.
The problem of determining the set of values of v for which there exists a 1-rotational STS(v) (under some group) has been deeply investigated in [4, 2] . Such a STS is necessarily reverse so that v must be congruent to 1, 3, 9, or 19 (mod 24). For the cases v ≡ 3 or 9 (mod 24) the existence clearly follows from the result by Phelps and Rosa. In the case v ≡ 19 (mod 24) we do not have existence only when v = 6P Q + 1 with P = 1 or a product of pairwise distinct primes congruent to 5 (mod 12) and with Q a product of an odd number of pairwise distinct primes congruent to 11 (mod 12). The most difficult case is v ≡ 1 (mod 24) where the existence remains still uncertain only when all the following conditions are simultaneously satisfied: v = (p 3 − p)n + 1 ≡ 1 (mod 96) with p a prime; n ≡ 0 (mod 4); the odd part of v − 1 is square-free and without prime factors ≡ 1 (mod 6).
Of course one might consider the more specific problems of determining all groups G for which there exists a STS which is regular under G and all groups G for which there exists a STS which is 1-rotational under G. These problems appear at this moment quite hard. The same problems can be relaxed by asking for which v there is a STS(v) which is regular (1-rotational) under a group belonging to an assigned general class. For instance, the first author proved that there exists a STS(v) which is 1-rotational under some abelian group if and only if either v ≡ 3, 9 (mod 24) or v ≡ 1, 19 (mod 72). Also, Mishima [14] proved that there exists a STS(v) which is regular under a dicyclic group if and only if v ≡ 9 (mod 24).
We have quoted only the results which are closer to the problem that we are going to study in this paper. Indeed the literature on Steiner triple systems and their automorphism groups is quite wide. For example, results concerning the full automorphism group of a STS have been obtained by Mendelsohn [14] and Lovegrove [12] . Now we want to consider the problem of determining the set of values of v for which there exists a STS(v) with an automorphism group fixing f points and acting sharply transitively on the other v − f points. Such a STS will be called f -pyramidal. Of course the cases f = 0 and f = 1 correspond, respectively, to the regular and 1-rotational STSs discussed above. It is natural to study the next possible case that is f = 3. This is because, as we are going to see in the next lemma, the fixed points of an f -pyramidal STS(v) form a subsystem of order f so that, for f = 0, we have f ≡ 1 or 3 (mod 6). Lemma 1.1. A necessary condition for the existence of an f -pyramidal STS(v) is that f = 0 or f ≡ 1, 3 (mod 6).
Proof. Let (V, B) be an f -pyramidal STS(v) under the action of a group G. Assume, w.l.o.g., that G is additive and let F = {∞ 1 , . . . , ∞ f } be the set of points fixed by G. Obviously G has order v − f , the set of points V can be identified with F ∪ G, and the action of G on V can be identified with the addition on the right with the assumption that ∞ i + g = ∞ i for each ∞ i ∈ F and each g ∈ G. If a block B ∈ B contains two distinct fixed points, say ∞ i and ∞ j , then B + g = B for every g ∈ G otherwise B would have two distinct blocks, B and B + g, passing through the two points ∞ i and ∞ j . So, the third vertex of B is also fixed by G. It easily follows that all blocks of B contained in F form a STS(f ) so that we have f = 0 or f ≡ 1, 3 (mod 6).
The main result of this paper is a complete solution to the existence problem for a 3-pyramidal STS(v). The "if part" of this theorem will be proved in Section 3 which therefore will give non-existence results: for v ≡ 1, 13, 21 (mod 24) or v ≡ 27, 43 (mod 48) there is no 3-pyramidal STS(v). The "only if part" will be proved in Section 4 where we will give an explicit construction of a 3-pyramidal STS(v) whenever v ≡ 7, 9, 15 (mod 24) or v ≡ 3, 19 (mod 48).
First, in the next section, we have to translate our problem into algebraic terms: any f -pyramidal STS is completely equivalent to a suitable difference family.
Difference families and pyramidal STSs
As a natural generalization of the concept of a relative difference set [17] , the first author introduced [3] difference families in a group G relative to a subgroup of G or, even more generally [5] , relative to a partial spread of G. By a partial spread of a group G one means a set Σ of subgroups of G whose mutual intersections are all trivial. One omits the attribute "partial" in the special case that the subgroups of Σ cover all G. Let Σ be a partial spread of an additively written group G, let F be a set of k-subsets of G, and let ∆F be the list of all possible differences x − y with (x, y) an ordered pair of distinct elements of a member of F. One says that F is a (G, Σ, k, 1)-difference family (DF) if every group element appears 0 or 1 times in ∆F according to whether it belongs or does not belong to some member of Σ, respectively. We say that Σ is of type {d 
Proof. (=⇒). Let (V, B)
be an f -pyramidal STS(v) under an additive group G. We can assume that V = F ∪ G with F and the action of G on V defined as in Lemma 1.1. For 1 ≤ i ≤ f , let B i = {∞ i , 0, x i } be the block of B containing the points ∞ i and 0. We have B i − x i = {∞ i , −x i , 0} so that both B i and B i − x i contain the points ∞ i and 0. It necessarily follows that B i − x i = B i , hence −x i = x i which means that x i is an involution. Conversely, if x is an involution of G and B = {0, x, y} is the block through 0 and x, then B + x = {x, 0, y + x} would also contain 0 and x so that B + x = B. This means that y + x = y and this is possible only if y ∈ F . Hence y = ∞ i and x = x i for a suitable i. We conclude that {x 1 , ..., x f } is the set of all involutions of G.
Let F be a complete system of representatives for the G-orbits on the blocks of B with trivial G-stabilizer. Reasoning as in the "if part" of Theorem 2.2 in [4] , one can see that F is a (G, Σ, 3, 1)-DF where Σ is the partial spread of G consisting of all 2-subgroups {0, x i } (i = 1, . . . , f ) of G and all 3-subgroups of G belonging to B.
(⇐=). Now assume that f ≡ 1 or 3 (mod 6) and that F is a (G, Σ, 3, 1)-DF with G a group of order v − f having exactly f involutions and with Σ a partial spread of G of type {2 f , 3 e }.
Take an f -set F = {∞ 1 , . . . , ∞ f } disjoint with G and let (F, B ∞ ) be any STS(f ) (which exists because we assumed that f ≡ 1 or 3 (mod 6)). For i = 2, 3, let Σ i be the set of subgroups of order i belonging to Σ. Set
is a complete system of representatives for the block-orbits of a 3-pyramidal STS(v) under the action of G on F ∪ G defined as in the proof of Lemma 1.1.
Remark 2.2. Considering that "cyclic STS" means "0-pyramidal STS under the cyclic group", as a very special case of the above theorem we have the well known fact that any cyclic STS(6n + 1) is equivalent to a (Z 6n+1 , {1}, 3, 1)-DF and that any cyclic STS(6n + 3) is equivalent to a (Z 6n+3 , {3}, 3, 1)-DF. Example 2.3. The empty-set clearly is a (Z n 2 , {2 2 n −1 }, 3, 1)-DF since every non-zero element of Z n 2 is an involution. It is not difficult to see that the associated (2 n − 1)-pyramidal STS(2 n+1 − 1) is the point-line design of the n-dimensional projective geometry over Z 2 .
Let D 2n be the dihedral group of order 2n, namely the group with defining relations D 2n = x, y | y 2 = x n = 1; yx = x −1 y . We give here an example of a STS(3f ) which is f -pyramidal under D 2f .
Example 2.4. Let f ≡ 1 or 3 (mod 6) but f = 9. Let φ : Z f −→ D 2f be the group monomorphism defined by φ(i) = x i for each i ∈ Z f . The hypotesis on f guarantees, in view of Peltesohn's result, that there exists a cyclic STS(f ). Thus, by Remark 2.2, there exists a (Z f , {1}, 3, 1)-DF or a (Z f , {3}, 3, 1)-DF F according to whether f ≡ 1 or 3 (mod 6), respectively. It is then obvious that {φ(B) | B ∈ F} is a (D 2f , {2 f , 3 e }, 3, 1)-DF with e = 0 or 1, respectively.
Thus there exists an f -pyramidal STS(3f ) under the dihedral group D 2f for any f ≡ 1 or 3 (mod 6) but f = 9.
If, in the above example, we put f = 3, we obtain a representation of the3 The "if part"
In this section we determine the values of v for which a 3-pyramidal STS(v) cannot exist, we namely prove the "if part" of the main result Theorem 1.2. For this, we need two lemmas about elementary group theory. The next lemma makes use of the so-called "Burnside normal p-complement theorem" which is here recalled (see [19, Theorem 6.17] ). Theorem 3.2. Let P be a Sylow p-subgroup of a finite group G. If C G (P ) = N G (P ), then P has a normal complement in G. Lemma 3.3. If G is a group of order 16n + 8 containing exactly 3 involutions, then G has a subgroup of index 2 containing exactly one involution.
Proof. Let j 1 , j 2 , and j 3 be the three involutions of G and let H = j 1 , j 2 , j 3 be the group they generate. We point out that H is a normal subgroup of G since it is generated by all the elements of order 2. Now, let P be a 2−Sylow subgroup of G. As P has order 8 and G contains exactly three involutions, by taking into account the classification of the groups of order 8, we have three possibilities: namely P is either isomorphic to the group Z 4 × Z 2 or P contains exactly one involution, i.e., it is P ≃ Z 8 or P ≃ Q 8 (the quaternion group of order 8).
First of all we prove that it is necessarily P ≃ Z 4 × Z 2 . By contradiction, assume that P contains exactly one involution. It is known that, in general, any two involutions of G generate a dihedral group; also, a dihedral group of order 2h contains at least h involutions. Therefore, either j 1 , j 2 ≃ D 4 ≃ Z 2 × Z 2 or j 1 , j 2 ≃ D 6 . In both cases, j 1 , j 2 has three involutions, hence j 3 ∈ j 1 , j 2 and H = j 1 , j 2 . Since P contains just one involution, it is necessarily H = D 6 , otherwise P should contain a subgroup isomorphic to
Let T be the subgroup of H of order 3. As usual, we denote by N G (T ) and C G (T ) the normalizer and the centralizer of T in G, respectively. By the N/C-theorem, the quotient group N G (T )/C G (T ) is isomorphic to a subgroup of Aut(T ) ≃ Z 2 . Since T is the unique subgroup of H of order 3, T is characteristic in H and then it is normal in G, that is N G (T ) = G. Therefore, either C G (T ) = G or C G (T ) is a subgroup of G of index 2. In both cases, C G (T ) is a normal subgroup of G of even order. The three involutions of G are pairwise conjugate, hence, they are contained in any normal subgroup of G of even order and then in C G (T ). It then follows that T is central in H contradicting the fact that H is dihedral.
We conclude that P ≃ Z 4 × Z 2 ; in particular, P is abelian and contains a subgroup Q ≃ Z 4 ; also, P ⊇ H ≃ Z 2 × Z 2 . To prove the assertion, we need to show that G has a normal subgroup O of order 2n + 1. In fact, the semidirect product of O and Q will be a subgroup of G of index 2 containing exactly one involution.
Recall that |G : C G (j i )| is the size of cl(j i ), the conjugacy class of j i in G, which cannot exceed the total number of involutions in G hence, |G : C G (j i )| ≤ 3 for any i = 1, 2, 3. On the other hand, P is abelian hence, P ≤ C G (j i ) for any i = 1, 2, 3. It then follows that either |G : C G (j i )| = 1 for any i = 1, 2, 3 or |G : C G (j i )| = 3 for any i = 1, 2, 3.
We first deal with the former case in which all involutions of G are central. Since G/H has order 2d, d odd, then it has a subgroup of index 2 (see for example [19, Exercise 262] ). In other words, there exists a normal subgroup N of G of index 2 which contains H. Since H is a central 2-Sylow subgroup of N , by Theorem 3.2, H has a normal complement O in N ; in particular, O has order 2n + 1. Now, suppose the existence of another subgroup K of N of order 2n + 1. Then K ∩ O is normal in K and the
However, Q 1 has odd order, while Q 2 has even order. Therefore, O is the only subgroup of N of order 2n + 1, hence it is normal in G.
We finally consider the case |G : C G (j i )| = 3 for any i = 1, 2, 3. By the N/C-theorem, G/C G (H) is isomorphic to a subgroup of Aut(H) ≃ D 6 . Since P ≤ C G (H) ≤ C G (j i ), we have that C G (H) = C G (j i ) for any i = 1, 2, 3. Now note that C G (H) satisfies the same assumption as G and all involutions are central in C G (H). Therefore, we can proceed as in the previous case to show that there is a normal subgroup Ω of C G (H) of order 2n+1 3 . As before, it is not difficult to check that Ω is the only subgroup of C G (H) of order 2n+1 3 , therefore it is normal in G.
Set now G = G/Ω and P = C G (H)/Ω. Note that P ≃ P , P is normal in G (i.e., N G (P ) = G) and G/P has order 3. Also, since P is abelian, then P ≤ C G (P ) hence, |G : C G (P )| = 1 or 3. Considering that, by the N/C-theorem, G/C G (P ) is isomorphic to a subgroup of Aut(P ), and that Aut(P ) has order 8, we then have that |G : C G (P )| = 1. This means that P is central in G. Hence, G is the direct product of P by a normal subgroup O of order 3 which is the quotient by Ω of a normal subgroup O of G of order 2n + 1. 
Proof. Cases (i)-(ii). Suppose that there exists a STS(v)
with v = 24n + 1 or v = 24n + 13 which is 3-pyramidal under a group G. Therefore G is a group of order 24n − 2 or 24n + 10 with exactly three subgroups of order 2. Now note that these subgroups are precisely the 2-Sylow subgroups of G since the order of G is divisible by 2 but not by 4. Hence n 2 (G), the number of 2-Sylow subgroups of G, is 3. By the third Sylow theorem n 2 (G) should be also a divisor of |G| 2 . We conclude that 3 should be a divisor of |G| which is clearly false.
Case (iii). Now assume that there exists a 3-pyramidal STS(24n + 21). Then there exists a (G, {2 3 , 3 e }, 3, 1)-DF F for a suitable group G of order 24n + 18 with exactly 3 involutions and a suitable e ≥ 0.
By Lemma 3.1 there is a subgroup S of G of index 2. Note that an element of G has odd or even order according to whether it is in S or not, respectively. Thus, in particular, the three involutions of G are all contained in G \ S while every subgroup of G of order 3 is contained in S. Thus the subset of G \ S which is covered by ∆F has size |G \ S| − 3 = 12n + 6.
If B is any block of F having some differences in G\S, then it necessarily has two points lying in distinct cosets of S in G. Thus, up to translations, we have B = {0, s, t} with s ∈ S and t ∈ G \ S. It follows that ∆B ∩ (G \ S) = {±t, ±(s − t)}, hence ∆B has exactly four elements in G \ S.
¿From the above two paragraphs we conclude that 12n + 6 should be divisible by 4 which is clearly absurd.
Cases (iv)-(v). Assume that there exists a 3-pyramidal STS(v) with v ≡ 27 or 43 (mod 48). Thus there exists a (G, {2 3 , 3 e }, 3, 1)-DF F for a suitable group G of order 48n + 24 or 48n + 40 with exactly three involutions and where e ≥ 0 in case (iv) or e = 0 in case (v). Note that in both cases we have |G| ≡ 8 (mod 16) so that, by Lemma 3.3, G has a subgroup S of index 2 containing exactly one involution. Thus the subset of G \ S which is covered by ∆F has size |G \ S| − 2 = 24n + 10 or 24n + 18. Then, reasoning as in case (iii), 24n + 10 or 24n + 18 should be divisible by 4 which is absurd.
The "only if part"
For proving the "only if part" of our main theorem, we have to give a direct construction for a 3-pyramidal STS(v) whenever v is admissible and not forbidden by Theorem 3.4, hence for any v ≡ 7, 9, 15 (mod 24) and for any v ≡ 3, 19 (mod 48). The most laboured constructions are those for the last two cases where we will use extended Skolem sequences and extended Langford sequences.
Given a pair (k, n) of positive integers with 1 ≤ k ≤ 2n + 1, a k-extended Skolem sequence of order n can be viewed as a sequence (s 1 , . . . , s n ) of n integers such that
The existence question for extended Skolem sequences was completely settled by C. Baker in [1] .
There exists a k-extended Skolem sequence of order n if and only if either k is odd and n ≡ 0, 1 (mod 4) or k is even and n ≡ 2, 3 (mod 4).
A k-extended Langford sequence of order n and defect d can be viewed as a sequence of n integers (ℓ 1 , ..., ℓ n ) such that
We need the following partial result about extended Langford sequences by V. Linek and S. Mor.
Theorem 4.2. [11]
There exists a k-extended Langford sequence of order n and defect d for any triple (k, n, d) with n ≥ 2d, n ≡ 2 (mod 4) and k even.
For general background concerning Skolem sequences, their variants, and their applications, we refer to [20] . We also refer to the recent survey [10] which, however, fails to mention some of our work; for instance, extended Skolem sequences have been crucial in our mentioned work on 1-rotational STSs [2, 4] and also in two papers [6, 22] dealing, more generally, with 1-rotational k-cycle systems.
In the next lemma we combine Skolem sequences and Langford sequences to get the last ingredient that we need for proving the "only if part" of our main result. This lemma will be used, specifically, in the construction of a 3-pyramidal STS(v) with v ≡ 3 (mod 96).
Lemma 4.3. There exists a (Z 12n , {3, 4}, 3, 1)-DF for any even n ≥ 2.
Proof.
We have to construct a set F n of 2n − 1 triples with elements in Z 12n whose differences cover Z 12n \ {0, 3n, 4n, 6n, 8n, 9n} exactly once. For the small cases n ∈ {2, 4, 6, 8, 12, 14, 20} one can check that we can take Cases (i)-(ii). Assume that v ≡ 7, 15 (mod 24). Let F be an (H, {h}, 3, 1)-DF with H = Z 6n+1 and h = 1 if v = 24n + 7, or H = Z 3 × Z 2n+1 and h = 3 if v = 24n + 15. In the former case the existence of F is guaranteed by Peltesohn's result (see Remark 2.2) while in the latter it is enough to take
The group G := Z 2 × Z 2 × H has order v − 3 and exactly 3 involutions. Thus, by Theorem 2.1, it is enough to exhibit a (G, {2 3 , 3 e }, 3, 1)-DF for some suitable e. Such a DF is, for instance, the one whose blocks are:
with B ∈ F;
where H is a subset of H such that {{h, −h} | h ∈ H} is the patterned starter of H, i.e., the set of all symmetric 2-subsets of H (see [8] ).
Case (iii). Assume that v ≡ 9 (mod 24), say v = 24n+9. The group G := D 6 × Z 4n+1 has order v − 3 and clearly has exactly three involutions. Thus, by Theorem 2.1, it is enough to exhibit a (G, {2 3 , 3 1 }, 3, 1)-DF (of course here the DF will "use" multiplication on the first component and addition on the second). For this, we have to distinguish three cases according to whether n is odd or congruent to 0 or 2 (mod 4). The three cases are very similar; the blocks of the desired difference family can be taken as indicated in the table below.
We note that the subgroup of order 3 which is not covered by the differences of the above families is, in any subcase, {(1, 0), (x, 0), (x 2 , 0)}.
Case (iv). Assume that v ≡ 3 (mod 48), say v = 48n + 3. The group G = Z 4 × Z 12n has order v − 3 and it has exactly three involutions. Then, by Theorem 2.1, it is enough to exhibit a (G, 
